In this letter we compute the correction to the entropy of Schwarzschild black hole due to the vacuum polarization effect of massive scalar field. The Schwarzschild black hole is supposed to be confined in spherical shell. The scalar field obeying mixed boundary condition on the spherical shell. *
Introduction
In general relativity, black hole's properties can be precisely calculated, and the holes may be thought of astronomical objects with masses about several times of sun. In this classical case, event horizon emerges, and anything can not escape from it to arrive at a particular observer who is outside the horizon. But Hawking found that black hole emits radiation and the radiation spectra is just the black body's. This fact indicates that the black hole has a temperature whose expression is [1] 
where k is the surface gravity on the horizon. Thus the Bekenstein-relation becomes the real thermodynamical relationship of the black hole. Namely the black hole has a thermodynamical entropy as
where S BH is the Bekenstein-Hawking entropy, A is the area of the event horizon and l p = (h G c 3 ) 1/2 is the Planck length. The presence of quantum field in black hole background modifies the entropy. In the state of thermal equilibrium the total entropy is as [2] 
where S q is the contribution of radiation and matter fields. Quantum correction to the Bekenstein-Hawking entropy,due to a scalar field, have been computed by different methods for Schwarzschild [3, 4] and Reissner-Nordstrom [5]- [10] black holes. In this letter we would like to investigate the case of Schwarzschild black hole. We consider the massive scalar field obeying mixed boundary condition on a spherical shell, the Schwarzschild black hole is supposed to be confined in the spherical container. Then we obtain the contribution S q of scalar field onto entropy of a black hole. S q is due to vacuum polarization effect.
In the generic black hole background the investigation of boundary-induced quantum effects is techniqally complicated, the exact analytical result can be obtained in the near horizon and large mass limit when the boundary is close to the black hole horizon. In this limit the black hole geometry may be approximated by the Rindler-like manifold (for some investigations of quantum effects on background of Rindler-like spactimes see [11] ). We consider the vacuum expectation values of the field square and the energy-momentum tensor for a conformally coupled scalar field in the presence of spherical shell on the bulk Ri × S 2 , where Ri is a two-dimensional Rindler spacetime.
Massive scalar field in Rindler-like spacetime
Let us consider a scalar field ϕ(x) at finite temperature equal to its Hawking value T = β −1 , propagating on background of four-dimensional Rindler-like spacetime Ri×S 2 , where Ri is a two-dimensional Rindler spacetime. The corresponding metric is described by the line element
with the Rindler-like (τ, ξ) part and dΣ 2 2 is the line element for the space with positive constant curvature with the Ricci scalar R = 2/r 2 H . Line element (4) describes the near horizon geometry of four-dimensional AdS black hole with the line element [12] 
where
and k = 0, −1, 1. In (6) the parameter l is related to the bulk cosmological constant and the parameter r 0 depends on the mass of the black hole and on the bulk gravitational constant. In the non extremal case the function A H (r) has a simple zero at r = r H . In the near horizon limit, introducing new coordinates τ and ρ in accordance with
the line element is written in the form (4) . Note that for a (3+1)-dimensional Schwarzschild black hole one has A H (r) = 1 − r H r and, hence,
where ζ is the curvature coupling parameter. Below we will assume that the field satisfies the Robin boundary condition
on the hypersurface ξ = a, with constant coefficients A and B. In accordance with (7) this hypersurface corresponds to the spherical shell near the black hole horizon with the radius r a = r H + A ′ H (r H )a 2 /4. A black hole behaves like a thermodynamic system and possesses temperature and entropy. As we have mentioned in introduction in the state of thermal equilibrium the total entropy is as Eq.(3). The Euclidean action for scalar filed in our interesting background takes the standard thermodynamic form
where T ν µ is the stress tensor of the quantum field calculated with respect to the background (5), g is determinant of the metric. From the conservation law T µ ν;µ = 0 in the background (5) it follows that [13] r 2
where i denotes spatial indices. Then one can obtain (for more details see [13] )
The regularity of < T ν µ > at the event horizon in the Hartle-Hawking state demands that according to (11) < T 1 1 (r H ) >=< T 0 0 (r H ) >, so the last term in (12) is square brackets cancels. The above formula are applicable to any field with a tensor < T ν µ >. Now we consider the Schwarzschild background case, although one can consider the general line element (5) , the Schwarzzschild is only a simple case, in this case we have
3 Vacuum expectation values of energy-momentum tensor and entropy of scalar field Now we consider the vacuum expectation values (VEV) of the energy-momentum tensor for the geometry R 2 × S 2 described by the following line element
where the coordinates (t, x 1 ) are related to the coordinates (τ, ξ) by t = ξ sinh τ , x 1 = ξ cosh τ . This line element describes the near horizon geometry of a non-extremal black hole spacetime. We will consider the vacuum expectation values for the geometry without boundaries. The corresponding Wightman function can be presented in the form [14] G + 0 (x,
with the functioñ
where K iω (λ l ξ), is the Bessel modified function with the imaginary order, and C 1/2 l (cos θ) is the Gegenbauer or ultraspherical polynomial of degree l and order 1/2. In (15) , the divergences in the coincidence limit are contained in the termG + 0 (x, x ′ ), the amplitude of the corresponding vacuum state we will denote by |0 . First of all we note that from the problem symmetry it follows that the expectation values 0 |T i i |0 do not depend on the point of observation and
The component 0 |T 2 2 |0 can be expressed through the energy density by using the trace relation
From this relation it follows that
Hence, it is sufficient to find the renormalized vacuum expectation values of the field square and the energy density. Then as have shown in [14] 0
Using Eqs.(17,19) we obtain
Now we turn to the VEV of the energy-momentum tensor. The corresponding operator we will take in the form We have succeded in obtaining a reasonable expression, valid only for very large black hole mass and near the horizon. On the horizon the vacuum expectation values (26,27) diverge. The leading term in the near horizon asymptotic expansions behaves as ( r H ξ ) 4 for the components of the energy-momentum tensor. On the horizon ξ = 0 and r a = r H , then one can see that the divergent term in the entropy S q is proportional to the 1 ξ 4 . A possible way to deal with such divergences has been suggested in [15] , where it has been argued that the quantum fluctuations at the horizon might provide a natural cutoff.
Conclusion
In this paper we studied the quantum vacuum effects to the entropy produced by a spherical shell in 4−dimensional Ri × S 2 spacetime, with Ri being a two-dimensional Rindler spacetime. The corresponding line element (4) describes the near horizon geometry of a non-extremal black hole spactime defined by the line element (5) . The case of a massive scalar field with conformal coupling parameter and satisfying the Robin boundary condition on the sphere is considered. Then by considering the energy-momentum tensor of quantum massive scalar field near the horizon of Schwarzschild black hole and using general formula (12) , we recovered the contribution S q of these field into the entropy of a black hole.
